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Root Locus

N



What is Root Locus ?

_|_
R(s)a?—» K F—> G T»Y(s)

The characteristic equation of the closed-loop system is

1+KG(s)=0

The root locus is essentially the trajectories of roots of the
characteristic equation as the parameter K is varied from O
to infinity.



A simple example

A camera control system:

Subject’s Motor Camera
position Sensors  Amplifier and camera position
R(s) + K> C(s)
K, -
% s(s + 10)
)
R(s) K C(s)
R — —————»
s2+10s + K

where K = KK,
(©)

How the dynamics of the camera changes as K is varied ?



A simple example (cont.) : pole locations

Pole 1 Pole 2

-10 0

—-9.47 —0.53
—8.87 —1.13
—8.16 —1.84
—7.24 —2.76

-5 -5

-5+ 52.24 —5—2.24
-5+j3.16 —-5—j3.16
-5+ ;3.87 -5 —3.87
—5+ j4.47 —5—j4.47

—5 45 575
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(a) Pole plots from the table.



A simple example (cont.) : Root Locus

ja)
A A
K =50 45
45 4
s-plane 40 17
35 /3
30 1,2
K=0 5 10 15 20 25 20 15 10 0=K
NS | I -l | | e | I X - O
-0 9 -8 -7 -6 -5 -4 -3 -2 —1 0
30 - 7 2
35 173
40 .
4 —a
as J
K = 50 455
4 7
)

(b) Root locus.



The Root Locus Method (cont.)

+
R(s) > P> K P l » Y(s)
B s(s + 2)
Consider th

K
(s+2)

e
g TheACLSE)I‘EC%e;‘ITS%ISCE uatlon |2§w s+a; =0
The locus of the rootsas thegain Kis varied is found by requiring :

A(s)=1+KG(s)=1+ =0

=y~ and /G(s)=+180,+540,...




Introduction

+
X K y

T_ : s(s+2)
) G K

5) 1+G(s) s?+2s+K S,,S, =—(w, tw -1

For ¢ <1we know that & = cos™¢

Characteristic equation s°+2s+K=0

ljw 0<K«<1
Roots=-1+v/1-K
o o 1<K<o
K=0 Roots= -1+ jvK -1
S plane




K

-~ gl
s,[|s. +2|

=

K =ls[|s, +2

S:S]_

s, - the magnitude of the vector from theorigin to s,
S, + 2 : the magnitude of the vector from-2tos,

The Root Locus Method (cont.)

- S
. f/’ H“x _
51 T+ 2| | sl
~ ™ ——"%
s o5+ 2 ol
-~ . \‘x
-~ o N\
e — >
—2 — 1

® Example:

® Asshown
below, at a
root s_, the
angles are



The Root Locus Method (cont.)

The magnitude and angle requirements for the root locus are:

(s) = Kls+z|s+2z,]|.. _

S+ py[s+ Pyl
LF(s)=L(s+2)+ L(s+2,)+..—[£(s+ p, )+ £L(s+ p,)+...] =180+ 360
g :an integer

® The magnitude requirement enables us to determine the value of K for a
given root location s..

® Allangles are measured in a counterclockwise direction from a horizontal
line.



Root locus

C
SO G(s) 1 ._C__ G
T R 1+GH
H(s)
- KNG) _ K@E"+a, s" " +.....a,)
D)  s"+b,_, +....b,
m<n
G GD

F= = Closed loop transfer function
1+ KN/D D+ KN

les of the closed loop are the roots of [D(S) + KN(s) =0

cteristic equation




Root locus (Evans)

P(s)=D(s)+ KN(s)=0] K=0

oot locus In the s plane are dependent on K

K=0 then the roots of P(s) are those of D(s): Poles of GH(s)
f K=o then the roots of P(s) are those of N(s): Zeros of GH(S)

Open loop| K=0 K= |Open loop
poles | zeros

plane




Root locus example

_K(S-l—l) H=1
5(s+2) s, = — 2+2K+\/1+K2/4
K(s+1)
= 2+ K
&)= P rsk12) K == LK
|©
L0 LO
V. Y v |
X _1‘ 7\
S, % / S, \ °
Pole




Root locus example

ny information from Rooth ?

S K(s+1)
s?+s(K+2)+K s*+s(K+2)+K




Rules for plotting root loci/loca

umber of loci: number of poles of the open loop transfer
unction (the order of the characteristic equation)

K(s+2) /Poles
GH =— ~
s?(s+4) K—O
4 /2

Three loci (branches)

Each locus starts at an open-loop pole when K=0 and finishes
Either at an open-loop zero or infinity when k= infinity

Problem: three poles and one zero ?



jugate pairs of loci

K>1

Rules for plotting root loci/loca

| either move along the real axis or occur as complex

Jo

K

1

S plane




Rules for plotting root loci/loca

¢4
Int on the real axis is part of the locus if the number of
s and zeros to the right of the point concerned is odd for K>0

A j’(If
LO LO
— > — o
1 l I T
X 2 X A
X Ot 7\
-2




Rules for plotting root loci/loca

xample

K(s+2) /Poles
GH =—

s°(s+4) XK /'G
Three loci (branches) - Zer-oz

Locus on the real axis No locus



Rules for plotting root loci/loca

e 3:
n the locus is far enough from the open-loop poles and zeros,
ecomes asymptotic to lines making angles to the real axis

en by: (n poles, m zeros of open-loop)
There are n-m asymptotes

_ (2L +1)180 1=0,1,23.....(n-m-1)
n—m \ _ K
Example G(s) = S612)
\ m=0,n=2
/ < 6 180 | _ o) oo
n—m
K 37180 | _1y =270
_ n—m




Rules for plotting root loci/loca

K>1

Jo

K>1

K

1

S plane




Rules for plotting root loci/loca

le 6 :Intersection of asymptotes with the real axis
asymptote intersect the real axis at a point o given by

Zpi _Zzi
oL = =L i=1

n—m

p, = pole

Z. = Z€ro




Rules for plotting root loci/loca




Rules for plotting root loci/loca

le 7
e break-away point between two poles, or break-in point
tween two zero [ is given by:

x > X S > O X

Break-away + Break-in




Rules for plotting root loci/loca
ample

K ) -1
(s) = B C A
s(s+1)(s+2) A A/
asymptotes: 60 ©,180 ° and 300° -0.423
-1-2

Ui ==l Part of real

Break-away point axis excluded
S _ 37 +6B+2=0
B B+l P+2

B=-0.423,-1.577




Rules for plotting root loci/loca
econd method

The break-away point is found by differentiating V(s) with
Respect to s and equate to zero

1

V(S) = @

- K
s(s+1)(s+2)

Example  G(s)

s(s+1)(s+2) s +35°+2s
K

V(S) =

dvV 35°+6s+2
ds K

s, =—1.577,-0.423
0




Rules for plotting root loci/loca

ule 8: Intersection of root locus with the imaginary axis
he limiting value of K for instability may be found using
he Routh criterion and hence the value of the loci at the
Intersection with the imaginary axis is determined

NGioy) _
D(jo,)

Characteristic equation 1+K

K

e cO)- s(s+1)(s+2)

Characteristic equation $°+3s°+25+K =0



Rules for plotting root loci/loca

+35°+2s+K=0
hat do we get with Routh ?

1 2
3 K
L 6-K 0
K 0

If K=6 then we have an pure imaginary solution



I

Rules for plotting root loci/loca

$+35°+25s+K=0

%
jo® 3w + 2jo+ K = (K —30%) — jo(w? —2) =0 \L e
K=6
K=0
N
< X X
-0.423
- j\/f




) Rules for plotting root loci/loca
Cc

ents to complex starting pole is given by
d. =180° —arg(GH')

GH’ 1s the GH(starting p) when removing starting p

GH K(s+2)
Example (s+1+j)(s+1-1])
K@+ j) ArgGH'= 45" ~90" = 45

GH'(s=-1+)) = _
2 A
S N

. =180" -45" =135




N Rules for plotting root loci/loca
C

ents to complex terminal zero is given by
®. =180" —arg(GH'"")

GH’ 1s the GH(terminal zero) when removing terminal zero

Example GH=RELDE=))
s(s+1)

K(Zj) ArgGH'=-45

Jd+J)
b

. =180° —(—45°) = 225°

GH'(s=)) =

.'
.
*
‘e
-




Rules for plotting root loci/loca

Two poles at -1
~ K(s+2) One zero at -2

(s+1)° One asymptote at 180°
Break-in point at -3




Rules for plotting root loci/loca

ample Why a circle ?

haracteristic equation g2 4+ s(2+K)+2K+1=0
For K<4 For K>4

_—(2+K) = K(@E-K) _—(2+K)£K(K-4)

S12 5 8 2

—(-2+K) £ j,/K(4—K)
2

Change of origin s, +2=

4m=(K—-2)? +K(4—-K) = K> —4K + 4+ 4K — K?

m=1




Rules for plotting root loci/loca




Root Locus Method

The root locus is a powerful tool for designing and analyzing feedback
control systems.

It is possible to use root locus methods for design when two or three
parameters vary. This provides us with the opportunity to design
feedback systems with two or three adjustable parameters. For
example the PID controller has three adjustable parameters.

The root locus is the path of the roots of the characteristic equation
traced out in the s-plane as a system parameter is changed.

The design by the root locus method is based on reshaping the root
locus of the system by adding poles and zeros to the system open loop
transfer function and forcing the root loci to pass through desired
closed-loop poles in the s-plane.

36



The root Locus Procedure

K(ls+lj

2

s(ls+1j =0
4

p 2 : The transfer functionGH(s)iswritten interms of polesand zeros :1+

1 : The characteri stic equation 1+ GH(s) =1+

2K (s+2)
s(s+4)

e multiplicative gain parameter is2K. To determine the locus of roots for the gain0 < K <o (Step3)

e locate the polesand zeros on the real axis.

tep 4 : The anglecriterion is satisfied on the real axisbetween the points0 and - 2, because the angle pl

=0

at the originis180°,and the angle from the zero and pole p, at s=-4 is zero degrees.

The locus begins at the polesand ends at the zeros.

Step 5 : Find the number of separate loci (equal to the number of poles).

Step 6 : The root loci must be symmetrica | with respect to the horizontal real axis.

Step 7 : The loci proceed to the zeros at infinityalong asymptotes centered at o, and withangleg, .
Step 8 : Determine the pointat whichthe locuscrosses the imaginary axis.

9 : Determine the breakway pointon the real axis.

: Determine the angle of departure of the locus from a pole and the angle of arrival at a zero.
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